In this paper, we give an analytical approximate solution for non-linear quadratic optimal control problems and optimal control of linear systems using the homotopy perturbation method (HPM). Applying the HPM, the non-linear two-point boundary-value problem (TPBVP) and linear systems, derived from the Pontryagin's maximum principle, are transformed into a sequence of linear time-invariant TPBVPs. Solving the proposed linear TPBVP sequence in a recursive manner leads to the optimal control law and the optimal trajectory in the form of rapid convergent series. Finally, a non-linear example and several linear examples are given to verify the reliability and efficiency of the proposed method.
Introduction
The investigation of the optimal control is of importance in modern control theory. One of the most active subjects in control theory is the optimal control which has a wide range of practical applications not only in all areas of physics but also in economy, aerospace, chemical engineering, robotic, etc. (Garrard & Jordan, 1997; Manousiouthakis & Chmielewski, 2002; Tang, 2005; Notsu et al., 2008) . The theory and the application of optimal control for linear time-invariant systems have been developed perfectly. However, as for non-linear systems, synthesis problems that are solved by classic control theory lead to difficult computations. It is well-known that the non-linear optimal control problem (OCP) can be reduced to a two-point boundary-value problem (TPBVP), implementing the Pontryagin's maximum principle (PMP). This TPBVP cannot be solved analytically, in general, and most researches have been devoted to find an approximate solution, for non-linear TPBVP's (Ascher et al., 1995) . In order to find an analytical approximate solution, some successive methods have been proposed, e.g. Tang (2005) .
One familiar scheme is to determine the optimal control law using dynamic programming. This approach leads to the Hamilton-Jacobi-Bellman equation that is hard to solve in most cases. Yousefi et al. (2010) used the original or basic Variational Iteration Method (VIM) for linear quadratic OCPs. They transfer the linear TPBVP obtained from PMP to an initial value problem (IVP) and then implement the basic VIM to get a feedback controller. In He (2008), optimal problems are solved in a more attractive way.
In recent years, the homotopy perturbation method (HPM), first proposed by He (1999 He ( , 2003b , has successfully been applied to solve many types of linear and non-linear functional equations. This method, which is a combination of homotopy in topology and classic perturbation techniques, provides us with a convenient way to obtain analytic or approximate solutions for a wide variety of problems arising in different fields. He used HPM to solve the Lighthill equation (He, 1999) , the Duffing equation (He, 2003b) and the Blasius equation (He, 2003a) , and then the idea found its way in sciences and
